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We've seen various derivatives so far, including \[ \dfrac{d} {dx}\, e”x = e"x \qquad \text{and, more generally,} \gquad \dfrac{d} {dx}\ e~ {kx} = k\, e”~{kx}, \] where \(k\) is any non-zero real constant. Also, we've seen \[ \dfrac{d} {dx}\, \log e x = \dfrac{1}{x} \qquad \text{and, more generally,} \gqquad \dfrac{d} {dx}\, \log e(ax+b) = \dfrac{a}
{ax+b}, \] for \(ax+b>0\), where \(a,b\) are real constants with \(a e 0\). From this we can deduce several antiderivatives. The basic indefinite integrals are \[ \int e”x \; dx = e”™x + c \qquad \text{and} \qquad \int \dfrac{1}{x} \; dx = \log e x + c\] and, more generally, \[ \int e”™ {kx} \; dx = \dfrac{1}{k} \, e~ {kx} + c \gquad \text{and} \qquad \int
\dfrac{1}{ax+b} \; dx = \dfrac{1}{a} \, \log_e(ax+b) + c, \] where \(c\) as usual is a constant of integration. We can use these antiderivatives to evaluate definite integrals. Find \[ \int e~ {e”2} \dfrac{1}{x} \; dx. \] Solution \begin{align*} \int e~ {e”2} \dfrac{1}{x} \; dx &= \bigl[ \log e x \bigr] e~ {e”2}\\ &= \log e (e"2) -\log ee =2-1 =1
\end{align*} Exercise 11 Prove that, for any \(x>0\), \[ \int_1~x \dfrac{1}{t} \; dt = \log_e x. \] Exercise 12 Prove that, for any \(x>0\) and \(n>0\), \[ \int_{x"n}"~{x"~{n+1}} \dfrac{1}{t} \; dt = \log e x. \] Exercise 13 Differentiate \(f(x) = x \log_e x - x\). Hence find the indefinite integral \[ \int \log_e x \; dx. \] Screencast of exercise 13 Warning! As we
mentioned previously, \(\log_e x\) is only defined for \(x>0\), while \(\dfrac{1} {x}\) is defined for all \(x e 0\). So the equation \[ \int \dfrac{1}{x} \; dx = \log e x + c\] is valid only for \(x>0\) and, more generally, the equation \[ \int \dfrac{1}{ax+b} \; dx = \dfrac{1}{a} \, \log e (ax+b) + c\] is valid only when \(ax+b>0\). Although it is more
complicated, it is sometimes necessary to consider the function \(\log_e|x|\), which is defined for all \(x eq 0\) and which also has derivative \(\dfrac{1} {x}\). The equation \[ \int \dfrac{1}{x} \; dx = \log e |x| + c\] is valid for all \(x eq 0\), and the equation \[ \int \dfrac{1}{ax+b} \; dx = \dfrac{1}{a} \log e |ax+b| + c\] is valid for all \(x\) such that \
(ax+b eq 0\). Next page - Content - Graphing exponential functions List Of Integrals Of Exponential Functions The following is a list of integrals of exponential functions. For a complete list of integral functions, please see the list of integrals. Indefinite integral Indefinite integrals are antiderivative functions. A constant (the constant of integration)
may be added to the right hand side of any of these formulas, but has been suppressed here in the interest of brevity. Integrals of polynomials fxecxdx=ecx (cx — 1 c 2 ) {\displaystyle \int xe™ {cx}\,dx=e” {cx}\left({\frac {cx-1}{c"{2}} }\right)} forc>0; fx2ecxdx=ecx(x2c—2xc2 + 2c 3) {\displaystyle \int
x~{2}e™{cx}\, dx=e" {cxNleft({\frac {x~{2}}{c}}-{\frac {2x}{c~{2}}}+{\frac {2} {c~{3}}}\right)} f[xnecxdx=1cxnecx—-ncfxn—lecxdx=(ddc)necxc=ecx>i=0n(—-1)in!(n—-i)lci+lxn—-i=ecxJi=0n(—-1)n-in'!il'cn—1i+ 1xi{\displaystyle {\begin{aligned}\int x~{n}e”{cx}\ dx&={\frac {1}
{c}}x~{n}e~{cx}-{\frac {n}{c}Nint x~{n-1}e” {cx}\ dx\\&=\left({\frac {\partial }{\partial c} }\right)~{n}{\frac {e"~{cx}}{c}I\&=e"{cx}\sum {i=0}"{n}(-1)~{i}{\frac {n!}{(n-i)!c™{i+1}}}x"{n-i}\&=e" {cx}\sum {i=0}"{n}(-1)"{n-i}{\frac {n!}{ilc™{n-i+1}}}x"~{i}\end{aligned}}} fecxxdx=In [x|+3n=1w(cx)nn-n!
{\displaystyle \int {\frac {e”{cx}}{x}}\ dx=\In |[x|+\sum {n=1}"{\infty }{\frac {(cx)"{n}}{n\cdotn!}}} fecxxndx=1n—-1(—-ecxxn—1+cfecxxn—1dx) (for n = 1) {\displaystyle \int {\frac {e”{cx}}{x~{n}}}\ dx={\frac {1}{n-1} Neft(-{\frac {e”™{cx}}{x~{n-1}}}+c\int {\frac {e”{cx}}{x"{n-1}}}\ dx\right)\qquad {\text{(for
}Ineq 1{\text{)}}} Integrals involving only exponential functions [ f"  (x)ef(x)dx = e f(x) {\displaystyle \int f'(x)e”™ {f(x)}\,dx=e~{f(x)}} fecx d x = 1 c e c x {\displaystyle \int e~ {cx}\,dx={\frac {1}{c}}e”~{cx}} fJacxdx=1c-ln aacx for a>0, a=1 {\displaystyle\int a”~{cx}\, dx={\frac {1}{c\cdot \In a}}a” {cx}\gquad {\text{ for
}}a>0,\ aeq 1} Integrals involving exponential and trigonometric functions fecxsin bxdx=ecxc2+b2(csin bx—bcos bx)=ecxc2+b2sin (bx —¢)where cos (¢)=cc2+ b2 {\displaystyle {\begin{aligned}\int e” {cx}\sin bx\,dx&={\frac {e”~{cx}}{c"~{2}+b" {2} } }(c\sin bx-b\cos bx)\&={\frac {e” {cx}}{\sqrt
{c™{2}+b™ {2} }} }\sin(bx-\phi )\qquad {\text{where } }\cos(\phi )={\frac {c}{\sqrt {c~{2}+b"~{2}}}}\end{aligned}}} fecxcos bxdx=ecxc2+b2(ccos bx+bsin bx)=ecxc2+b2cos (bx—¢)where cos (¢)=cc?2+ b2 {\displaystyle {\begin{aligned}\int e”™ {cx}\cos bx\,dx&={\frac {e”{cx}}{c™{2}+b"~{2}} }(c\cos bx+b\sin
bx)\&={\frac {e™{cx}}{\sqrt {c~{2}+b"~ {2} }} }\cos(bx-\phi )\gquad {\text{where } }\cos(\phi )={\frac {c}{\sqrt {c~{2}+b"~{2}}}}\end{aligned}}} fecxsinn xdx=ecxsinn—1 xc2+n2(csin x—ncos x)+n(n—-1)c2+n2fecxsinn— 2 xdx {\displaystyle \int e”~{cx}\sin ~{n}x\ dx={\frac {e”{cx}\sin ~{n-1}x}
{c™{2}+n"{2}}}(c\sin x-n\cos x)+{\frac {n(n-1)}{c~{2}+n"~ {2} } Nint e” {cx}\sin ~{n-2}x\,dx} fecxcosn xdx=ecxcosn—1 xc2+n2(ccos x+nsin x)+n(n—-1)c2+n2 fecxcosn— 2 xdx {\displaystyle \int e~ {cx}\cos "~ {n}x\ dx={\frac {e” {cx}\cos ~{n-1}x}{c™~{2}+n" {2} } }(c\cos x+n\sin x)+ {\frac {n(n-1)}
{c™{2}+n"~{2}} Nint e~ {cx}\cos ~{n-2}x\,dx} Integrals involving the error function In the following formulas, erf is the error function and Ei is the exponential integral. fecxIln xdx=1c(ecxIn | x| —Ei (cx)) {\displaystyle \int e”™{cx}\In x\,dx={\frac {1} {c} }\left(e”™ {cx}\In |x|-\operatorname {Ei} (cx)\right)} [xecx2dx=12cecx?2
{\displaystyle \int xe”™ {cx™ {2} }\,dx={\frac {1}{2c}}e™{cx™{2}}} fe—cx2dx=mn4 cerf (cx) {\displaystyle \int e”™ {-cx™ {2} }\,dx={\sqrt {\frac {\pi }{4c}}}\operatorname {erf} ({\sqrt {c}}x)} f[xe—cx2dx=—12ce —cx2 {\displaystyle \int xe™ {-cx™~ {2} }\,dx=-{\frac {1}{2c}}e~{-cx~{2}}} fe—x2x2dx=—-—e—x2x—1nerf (x)
{\displaystyle \int {\frac {e™~{-x"{2}}} {x~{2}}}\, dx=-{\frac {e™ {-x"~{2}}} {x}}-{\sqrt {\pi } }\operatorname {erf} (x)} f1o02ne—-12(x—pno)2dx=12erf (x—1po2){\displaystyle \int {{\frac {1} {\sigma {\sqrt {2\pi }}}} e~ {-{\frac {1} {2} }\eft({\frac {x-\mu } {\sigma } }\right)”~ {2} }}\,dx={\frac {1} {2} }\operatorname {erf} \left({\frac
{x-\mu }{\sigma {\sqrt {2} }} }\right)} Other integrals fex2dx=ex2(3j=0n—-1¢c2j1x2j+1)+(2n—-1)c2n—-2fex2x2ndxvalid forany n > 0, {\displaystyle \int e~ {x~{2}}\,dx=e”™ {x~ {2} NNleft(\sum {j=0}"{n-1}c {2j}{\frac {1} {x"{2j+1}}}right)+(2n-1)c {2n-2}\int {\frac {e”~{x"~{2}}}{x"{2n}}}\ dx\quad {\text{valid for
any }}n>0,} wherec2j=1-3-5--(2j—-1)2j+1=(2j)!'j!'22j+1 . {\displaystyle c {2j}={\frac {1\cdot 3\cdot 5\cdots (2j-1)} {2~ {j+1}}}={\frac {(2j)!}{j!2~{2j+1}}}\ .} (Note that the value of the expression is independent of the value of n, which is why it does not appear in the integral.) fxx-x mdx=3n=0m(—-1)n(n+1)n
—1In!T(n+1,-Inx)+3n=m+1w(—1)namnl'(n+1,—-1In x) (for x > 0) {\displaystyle {\int \underbrace {x™{x"{\cdot ~{\cdot ~{x}}}}} {m}dx=\sum {n=0}"{m}{\frac {(-1)"{n}(n+1)"{n-1}}{n!}}\Gamma (n+1,-\In x)+\sum {n=m+1}"{\infty }(-1)"{n}a {mn}\Gamma (n+1,-\In x)\qquad {\text{(for } }x>0{\text{)}}}} where
amn={1lifn=0,1n!if m=1,1nJj=1njam,n—jam—1,j— 1otherwise {\displaystyle a {mn}={\begin{cases}1&{\text{if } }n=0,\\\\{\dfrac {1} {n!}}&{\text{if } }m=1\\\{\dfrac {1}{n}}\sum {j=1}"{n}ja {m,n-j}a {m-1,j-1}&{\text{otherwise}}\end{cases}}} and I'(x,y) is the upper incomplete gamma function. f 1aeAx + bdx
=xb—-1bAln (aeAx+b) {\displaystyle \int {\frac {1}{ae” {\lambda x}+b}}\,dx={\frac {x}{b}}-{\frac {1} {b\lambda } }\In \left(ae”™ {\lambda x} +b\right)} when b # 0 {\displaystyle beq 0} , A # 0 {\displaystyle \lambda eq 0} , and a e A x + b > 0. {\displaystyle ae”™ {\lambda x}+b>0.} fe2AxaeAx+bdx=1a2A[aeAx+b—-Dbln (ae
A x + b) ] {\displaystyle \int {\frac {e”{2\lambda x} } {ae” {\lambda x}+b} }\,dx={\frac {1}{a~{2}\lambda } }\left[ae”™ {\lambda x} +b-b\ln \left(ae™ {\lambda x}+b\right)\right]} when a # 0 {\displaystyle aeq 0} , A # 0 {\displaystyle \lambda eq 0} , and a e A x + b > 0. {\displaystyle ae™{\lambda x}+b>0.} faecx—1becx—-1dx=(a—b)log
(1-becx)bc+x. {\displaystyle \int {\frac {ae™ {cx}-1}{be”™{cx}-1}}\,dx={\frac {(a-b)\log(1-be”{cx})}{bc}}+x.} Definite integrals f01ex-In a+ (1 —-x)-In bdx=01(ab)x-bdx=f0lax-bl—-xdx=a—-blna-Inbfora>0, b>0, a=b {\displaystyle {\begin{aligned}\int {0}~ {1}e” {x\cdot \In a+(1-x)\cdot \In
b}\,dx&=\int {0}~ {1}\left({\frac {a}{b} }\right)” {x}\cdot b\,dx\&=\int {0} ~{1}a"{x}\cdot b~ {1-x}\,dx\\&={\frac {a-b} {\In a-\In b} }\gquad {\text{for }}a>0,\ b>0,\ aeq b\end{aligned}}} The last expression is the logarithmic mean. f0 * e —axdx=1a (Re (a) > 0) {\displaystyle \int {0}~ {\infty }e” {-ax}\,dx={\frac {1}{a} }\quad
(\operatorname {Re} (a)>0)} [0 xe —ax2dx=12mna(a>0) {\displaystyle \int {0}~ {\infty }e”~{-ax~ {2} }\,dx={\frac {1}{2}}{\sqrt {\pi \over a} }\quad (a>0)} (the Gaussian integral) [ — o e —ax2dx=mna (a> 0) {\displaystyle \int {-\infty }~{\infty }e”{-ax™ {2} }\,dx={\sqrt {\pi \over a}}\quad (a>0)} [— o oe—ax2e—-bx2dx=
mae—2ab(a,b>0) {\displaystyle \int {-\infty } ~{\infty }e”~{-ax™~{2}}e"~{-{\frac {b}{x~{2}}}}\.dx={\sqrt {\frac {\pi }{a}}}e~{-2{\sqrt {ab}}}\quad (a,b>0)} f — v e —-—(ax2+bx)dx=maeb24a(a>0) {\displaystyle \int {-\infty }~{\infty }e"~ {-(ax”{2}+bx)}\,dx={\sqrt {\pi \over a} }e”~ {\tfrac {b"~{2}}{4a}}\quad (a>0)} f —
we—ax2e—2bxdx=maeb2a(a>0){\displaystyle \int {-\infty }~{\infty }e"~{-ax~{2}}e” {-2bx}\,dx={\sqrt {\frac {\pi }{a}}}e"~ {\frac {b~{2}}{a}}\quad (a>0)} (see Integral of a Gaussian function) [ —® »xe —a(x—b)2dx=Dbmoma(Re (a)>0) {\displaystyle \int {-\infty }~{\infty }xe" {-a(x-b)"~ {2} }\,dx=b{\sqrt {\frac {\pi }
{a}}}\quad (\operatorname {Re} (a)>0)} [ — o oxe—ax2+bxdx=nb2a3/2eb24a(Re (a)>0) {\displaystyle \int {-\infty } ™ {\infty }xe” {-ax”™ {2} +bx}\,dx={\frac {{\sqrt {\pi } }b}{2a"~{3/2}}}e”™{\frac {b"~{2}}{4a}}\quad (\operatorname {Re} (a)>0)} [— o o x2e—ax2dx=12nma3(a>0) {\displaystyle \int {-\infty

P {\infty }x~{2}e~{-ax™ {2} }\,dx={\frac {1} {2} }{\sqrt {\pi\over a~{3}}}\quad (a>0)} [ — oo x2e—-(ax2+bx)dx=n(2a+b2)4ab/2eb24a(Re (a)>0) {\displaystyle \int {-\infty } ™~ {\infty }x~{2}e”{-(ax™ {2} +bx) }\, dx={\frac {{\sqrt {\pi }}(2a+b™~{2})}{4a~{5/2}}}e"~{\frac {b"~{2}}{4a}}\quad (\operatorname {Re} (a)>0)}
J—oox3e—(ax2+bx)dx=n(6a+b2)b8a7/2eb24a(Re (a)>0) {\displaystyle \int {-\infty }~{\infty }x~{3}e"~{-(ax”™ {2} +bx) }\,dx={\frac {{\sqrt {\pi }}(6a+b"~{2})b}{8a~{7/2}}}e~{\frac {b"~{2}}{4a}}\quad (\operatorname {Re} (a)>0)} [0 »xne—ax2dx={I'(n+12)2(an+12)(n>-1, a>0)(2k—-1)!!
2k+lakma(n=2k, k integer, a>0) (!!isthe double factorial) k!2(ak+1)(n=2k+ 1, k integer, a> 0) {\displaystyle \int {0}~ {\infty }x~{n}e” {-ax”~ {2} }\,dx={\begin{cases}{\dfrac {\Gamma \left({\frac {n+1}{2} N\right)}{2\left(a”™ {\frac {n+1} {2} }\right)} }&(n>-1\ a>0)\\{\dfrac {(2k-1)!'} {2~ {k+1}a~{k}}}{\sqrt
{\dfrac {\pi }{a}}}&(n=2k\ k{\text{ integer}},\ a>0)\ {\text{(!! is the double factorial)} }\\\\{\dfrac {k!}{2(a”~{k+11})}}&(n=2k+1,\ k{\text{ integer}},\ a>0)\end{cases}}} (the operator ! ! {\displaystyle !} is the Double factorial) f0 *xne —axdx={I'(n+1)an+1(n>-1, Re(a)>0)n!an+1(n=0,1,2,..., Re(a)>0)
{\displaystyle \int {0}~ {\infty }x"~{n}e” {-ax}\,dx={\begin{cases} {\dfrac {\Gamma (n+1)}{a” {n+1}}}&(n>-1,\ \operatorname {Re} (a)>0)\\\\{\dfrac {n!}{a"~{n+1}}}&(n=0,1,2,\ldots ,\ \operatorname {Re} (a)>0)\end{cases}}} [0l xne—axdx=n!an+1[1-e—-ali=0naii!]{\displaystyle\int {0}~ {1}x"~{n}e"{-ax}\ dx={\frac
{n!}{a~{n+1}}Nleft[l-e~{-a}\sum {i=0}"{n}{\frac {a~{i}}{i!}}\right]} fObxne—-axdx=n'!an+1[1l—-e—-ab>i=0n(ab)ii!] {\displaystyle\int {0}~ {b}x~{n}e”{-ax}\, dx={\frac {n!}{a"~{n+1}}}\left[1l-e~{-ab}\sum {i=0}"{n}{\frac {(ab)"~{i}}{i!} }\right]} f0 e —axbdx=1b a—-1bTI (1Db) {\displaystyle \int

{0}~ {\infty }e~{-ax"{b}}dx={\frac {1}{b}}\ a”™{-{\frac {1}{b}}}\Gamma \left({\frac {1} {b} }\right)} [0 xne—-—axbdx=1b a—-n+1bTI (n+ 1b) {\displaystyle \int {0}~ {\infty }x~{n}e”™{-ax”~{b}}dx={\frac {1}{b}}\ a”~{-{\frac {n+1}{b}}}\Gamma \left({\frac {n+1}{b}}\right)} [0 e —axsin bxdx=ba2+b2(a>0)
{\displaystyle \int {0}~ {\infty }e”™ {-ax}\sin bx\,dx={\frac {b}{a"~{2}+b"~{2}}}\quad (a>0)} [0 xe —axcos bxdx=aa2+ b2 (a>0){\displaystyle \int {0}~ {\infty }e” {-ax}\cos bx\,dx={\frac {a}{a”~{2}+b"{2}}}\quad (a>0)} fO o xe —axsin bxdx=2ab(a2+b2)2(a>0) {\displaystyle \int {0}~ {\infty }xe” {-ax}\sin bx\,dx=
{\frac {2ab}{(@~{2}+b"~ {2}~ {2}}}\quad (a>0)} fO »xe —axcos bxdx=a2-b2(a2+b2)2(a=>0){\displaystyle \int {0}~ {\infty }xe” {-ax}\cos bx\,dx={\frac {a~{2}-b~{2}}{(@"~{2}+b"~{2})" {2} }}\quad (a>0)} f 0 v e —axsin bxxd x = arctan b a {\displaystyle \int {0}~ {\infty } {\frac {e”{-ax}\sin bx} {x} }\,dx=\arctan {\frac
{b}{a}}} f0xe—-—ax—e—bxxdx=In ba {\displaystyle \int {0}~ {\infty } {\frac {e™{-ax}-e™ {-bx}}{x}}\,dx=\In {\frac {b}{a}}} fOx»e—-—ax—e—bxxsin pxdx=arctan b p — arctan a p {\displaystyle \int {0}~ {\infty }{\frac {e™ {-ax}-e”{-bx}} {x} }\sin px\,dx=\arctan {\frac {b}{p}}-\arctan {\frac {a}{p}}} f0Oxe—ax—e—-bxx
cos pxdx=12In b2+ p2a2+ p2 {\displaystyle \int {0}~ {\infty } {\frac {e” {-ax}-e” {-bx} } {x} }\cos px\,dx={\frac {1} {2} }\In {\frac {b~{2}+p~ {2} }{a"~{2}+p"{2}}}} fOxoxe—ax(1 —cos x)x2dx=arccot a—a2ln (a2+ 1) {\displaystyle \int {0}~ {\infty }{\frac {e™{-ax}(1-\cos x)}{x" {2} }}\,dx=\operatorname {arccot} a-{\frac
{a}{2}N\In(@~{2}+1)} f02mexcos B6dO =2n10(x) {\displaystyle \int {0}~ {2\pi }e”~{x\cos \theta }d\theta =2\pi I {0}(x)} (I0 is the modified Bessel function of the first kind) f02mexcos 6 + ysin 6d06 =210 (x2 + y2) {\displaystyle \int {0}~ {2\pi }e~{x\cos \theta +y\sin \theta }d\theta =2\pi I {0}\left({\sqrt
{x~{2}+y"~{2}}\right)} fOwxs—1ex/z—1dx=1Lis (z)I (s), {\displaystyle \int {0}~ {\infty } {\frac {x"~{s-1}}{e”{x}/z-1}}\,dx=\operatorname {Li} {s}(z)\Gamma (s),} where Lis (z) {\displaystyle \operatorname {Li} {s}(z)} is the Polylogarithm. f 0 ©« sin mxe2nx—1dx =14 coth m 2 — 1 2 m {\displaystyle \int {0}~ {\infty }
{\frac {\sin mx}{e”~{2\pi x}-1}}\,dx={\frac {1}{4} }\coth {\frac {m}{2}}-{\frac {1}{2m}}} 0O » e —xIn xd x = — y, {\displaystyle \int {0}~ {\infty }e” {-x}\In x\,dx=-\gamma ,} where y {\displaystyle \gamma } is the Euler-Mascheroni constant which equals the value of a number of definite integrals. Finally, a well known result, f02nmei(m —
n)pdd=2n16m,n {\displaystyle \int {0}~ {2\pi }e” {i(m-n)\phi }d\phi =2\pi \delta {m,n}} (For integer m, n) where 6 m, n {\displaystyle \delta {m,n}} is the Kronecker delta. See also Gradshteyn and Ryzhik Further reading Moll, Victor Hugo (2014-11-12). Special Integrals of Gradshteyn and Ryzhik: the Proofs - Volume I. Series: Monographs
and Research Notes in Mathematics. I (1 ed.). Chapman and Hall/CRC Press. ISBN 978-1-48225-651-2. Retrieved 2016-02-12. Moll, Victor Hugo (2015-10-27). Special Integrals of Gradshteyn and Ryzhik: the Proofs - Volume II. Series: Monographs and Research Notes in Mathematics. II (1 ed.). Chapman and Hall/CRC Press. ISBN 978-1-48225-653-6.
Retrieved 2016-02-12. External links Wolfram Mathematica Online Integrator Moll, Victor Hugo. "List with the formulas and proofs in GR". Retrieved 2016-02-12. Retrieved from "
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